IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Phase and power density distributions on plane apertures of reflector antennas

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1978 J. Phys. A: Math. Gen. 11 777
(http://iopscience.iop.org/0305-4470/11/4/019)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 30/05/2010 at 18:49

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/11/4
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen., Vol. 11, No. 4, 1978. Printed in Great Britain. © 1978

Phase and power density distributions on plane apertures of
reflector antennas

F Brickell and B S Westcott
Mathematics Department, Southampton University, Southampton, SO9 SNH, UK

Received 24 October 1977, in final form 6 December 1977

Abstract. Complex coordinates are used under the assumptions of geometrical optics to
study the relations between phase and power density distributions on plane apertures of
reflector antenna systems. No symmetry assumptions are made and the results form a
generalisation of existing work in the field. The synthesis of a dual reflector system to
produce given aperture phase and power distributions when illuminated by a point source
of prescribed power density is shown to depend on the solution of a particular partial
differential equation of the Monge-Ampere type. Finally it is shown that even in cases of
symmetry the use of complex coordinates simplifies the design equations.

1. Introduction

The majority of papers on the geometrical optics design of reflector antennas assume
that the system has some kind of symmetry, for example, rotational symmetry about
an axis. The differential equations governing the system are then ordinary differential
equations. Brickell et al (1977) show that the case of a single reflector with a point
source of radiation can be treated in a reasonably simple manner, without such
assumptions, by the use of complex coordinates. The incident and reflected ray
directions are parametrised by complex coordinates 7, { respectively and the mapping
between them is simply { =n+1/L,, where L(n) is a function determining the
reflector. The basic differential equations are partial differential equations.

In the present paper we apply similar methods to study the relations between
phase and power density distributions on plane apertures of single and dual reflector
systems with a point source of radiation. We parametrise source ray direction by the
complex coordinate n and points mapped on the aperture plane by the complex
coordinate w. The mapping involves the phase function /(w) and can be used either to
synthesise the reflector or obtain the power density distribution over the aperture. In
the dual system the mapping also depends on the subreflector and it is shown that both
phase and power distributions over the aperture of the main reflector are necessary to
synthesise the system. We do not make any symmetry assumptions and consequently
the paper generalises some of the work of Galindo (1964).

We introduce our notation in § 2. It is first applied in § 3 to study the relation
between phase and power density on a plane aperture of a single reflector. The
application to dual reflector systems is given in § 4 and in § 5 we specialise to the
rotationally symmetric case in order to relate our methods to those of Galindo.
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778 F Brickell and B S Westcott
2. Notation and a basic lemma

Unit vectors in space can be parametrised by a complex coordinate in the following
way (see figure 1). Choose a rectangular Cartesian coordinate system (x, y, z) and
denote its origin by O. Let S denote the unit sphere of centre O. Consider an
arbitrary unit vector OP where P is some general point on S. Under stereographic
projection from the point N(0, 0, 1) P projects to a point P’ in the plane z =0. We
given P (and hence the unit vector OP) the complex coordinate n =x +iy where
(x, y, 0) are the Cartesian coordinates of P'.

Figure 1. Diagram showing coordinate system.

A general vector @ has a set of components (ai, a2, as) with respect to the
Cartesian coordinate system. We shall write (a, as) for this set where « is the complex
number a; +ia,. With this notation the scalar product a. b is given by

a.b =%(aB—+&B)+a3b3

where 8 = b; +1b, and a bar denotes the complex conjugate.
For example, a calculation shows that the components of the unit vector OP are
expressed in terms of its complex coordinate 7 as

( 27 Inf—l)

Inf+1 n[*+1 M

where |n| is the modulus of 7. It follows that the standard spherical polar coordinates
of P are related to n by

o . 27 Inf*~1
e sin 0 = —5——, cos § = —5——, 2
[n*+1 Inl*+1 @

We shall also need an expression for the complex coordinate » of the unit vector in
the direction of the non-zero vector a@ = («, a3). A short calculation shows that

v=a/(a—as) 3)

where a is the length of a.
A technical lemma which will be used later is now stated and proved.

Lemma 1. Let b be a vector of components (8, g), kK a unit vector of complex
coordinate u and m a scalar. Define real scalars H, K by H = m*=b>  K=m—-k.b.
Then, provided that K >0, the equation

a—ak=b—mk 4)
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has the unique solution

a=b—(H/2K)k. (5)
The length a of a is given by

a=m-—(H/2K), (6)
and its direction by the unit vector of complex coordinate

v=(g+m—Bi)/(B+(g—m)). 7

Proof. Any solution to equation (4) is necessarily of the form b + Ak where A is a scalar
and this expression is a solution if, and only if, there exists a > 0 such that

A+m=a, a’=b>+A%+2Ab. k.

Substituting for a in the second condition we find that A = —H/2K. Consequently any
solution is unique. The fact that

a=b-(H/2K)k
is a solution follows from the inequality
a=m~—(H/2K)=|b—mk|’/2K >0

where |b — mk| denotes the length of the vector b —mk. This remark also justifies the
formula (6).
To prove the formula (7) we use the equation (3) to obtain

L= (ul’+1)KB - Hu
(ulP+1)K(m-g)-H'

The formulae
(ul+ DK =(m-g)ul*+m+g—uB - i
H=m"-g’-Bp

can be obtained from the definitions of H and K. We substitute these in the
expression for v to obtain

_Bm—g)ul+B(m+g)— @B+ —m)g+mu
(g—m)|ul*+(g—m)uB +4aB)+BB

_(gtm-Bp)B+(g-—m) _g+tm—-Ba
B+(g-ma)B+(g—mu] B+(g-m)i’

Thus the lemma is proved.

Because we are using a complex coordinate it is convenient to introduce deriva-
tives with respect to this coordinate. Given a function f of n =x +iy (in general, f is
complex-valued) we define

a2l T2y

___6£=1<3_f+._a[)

1 .
fa "o 2\x  ay



780 F Brickell and B S Westcott

These derivatives commute, that is f,; = f5, and also satisfy the relations

fn=(fﬁ), '_(f'n)
where f is the complex conjugate function.
The partial differential equations which arise in this paper have the form

(Los—bY—|Lm+al’=d (8)

where L is a real-valued function of i and the coefficients a, b, d are functions of i, L
and first-order partial derivatives of L. In addition the functions b, d are real valued.
It can be shown that the equation is a Monge-Ampére differential equation and that it
is of elliptic (hyperbolic) type if d >0 (d <0).

3. Phase and power density on a plane aperture of a single reflector

Figure 2 shows the path of a ray from the source O of radiation. It is reflected at the
point R on the reflector and passes through the plane aperture at Q from left to right.
Unit vectors in the directions of the rays at O and Q are denoted by p and ¢
respectively. We write OR=r and OQ=v and choose a rectangular Cartesian
coordinate system with origin at O and z axis perpendicular to the aperture. The
complex coordinates of p, q relative to this system are denoted by n, { respectively.
The components of v are expressed as (w, d). Thus d is the perpendicular distance of
O from the aperture and we can regard w as a complex coordinate for the point Q on
the aperture.

Plane aperture

Reflector-., a
R v

z 0

—— 0 —

Figure 2. Ray diagram for single reflector.

We assume that there is a unique ray at each point of the aperture so that a phase
function /(w) is defined. This prohibits any caustic points on the aperture. The
function /(w) determines ¢ as a function w. To see this we first apply the theorem of
Malus (see, for example, Cornbleet 1976, p 361) which shows that q.dv =d! that is

1+|{|2({dw+{dw) al.

It follows that
L =Z/(1+|¢), 5=¢/+ e, O]
We proceed to solve these equations for {. We have at once that

Ll =1¢l/Q+|¢%)
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which is a quadratic for |¢|. Since g points to the right of the aperture we must choose
the root which is less than or equal to unity.
Consequently

2] = (1~ (1-4|L[)'"?)/2lL|
and therefore

£ =21/(1+(1=4|L[})'"). (10)

We note that the phase function necessarily satisfies the inequality |/, | <3.
The formulae

(14l (1P e
fo=({oppp) Whotls)  Lo=({Tpa)@hetla) (D

can be obtained from equation (10). They will be used later.
Our aim in this section is to establish a relation between phase and power density
over the aperture. The equation

r-rgq=v-—1lq

is easily obtained and lemma 1 shows that r is given by

=v—(H/2K)q (12)

where
H=12--|w|2—d2 (13)
A+PK =11+ +d(1-1{) - {6 - L. (14)

The coordinate ¢ is given in terms of w by equation (10) and so the reflector, given by
equation (12), is determined in terms of w by the phase function.
Lemma 1 also shows that the complex coordinate i of the unit vector p is given by

_ I+d—wl
Koy (15)

We regard this equation as determining a mapping w - n between the aperture
plane and the unit sphere of centre O. It will alter areas (see appendix) by the factor
__4

1A +[nl’

Therefore, if I(n) denotes the power density of the source and G(w) the power
density flow normal to the aperture

G 2l
I(n)  (I+n[2'™

I = Inal.

~|nal’l. (16)

Once we have calculated the partial derivatives 7,, n; equation (16) leads to the
desired relation between ! and G.

Straightforward calculations using equations (15) and (9) lead to the formulae

__HL+IK __HL-K a7
T @+r@-nDr ™ @+@-nHiy
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We may also use equation (15) to show that
(1 +{nPe +(d - DI = (1+HQRIK - H). (18)

Finally, by substituting these results in (16) and using equations (9) and (11) to
replace { and its derivatives by those of /, we obtain

1/2 G(w)
I(n) as)

where h = H/K. We note that from equations (13), (14) and (15) A and 1 can be
expressed in terms of / and its first derivatives.

One can regard the relation (19) in two ways. If the density function G(w) is
specified on the aperture then it becomes (as can be seen from equation (8)) a
Monge-Ampére differential equation for /. The reflector is uniquely determined once
a solution is known.

On the other hand if the phase function /(w) is specified then equation (19) is a
formula for the power density function G(w). For example, suppose that /(w) is
required to be constant along all lines in the aperture plane parallel to a fixed direction
(this condition characterises the refiector designs of Dunbar 1948). We take this
direction as the direction of the y axis so that / is a function f of x only.

We find

[hlos — (1 =2/l = |hlue + 2122 = (= 3R)Y (1 - 4L

and equation (19) gives

G_ F22-2(f) =] 20)
I Qf-hyI1-(YT"
where h = H/K = (f*—x*~y*—=d¥)/{f-xf' +d[1=(f)*]'/*). The function f can be
chosen to give a specified form for G/I over the central line y =0 in the aperture.
In particular we can take f to be a constant. Then with A =f+d, equation (20)
becomes

G 4A°

T @
a well known formula for the parabolic reflector (see for example Collin and Zucker
1969).

4. Phase and power density on a plane aperture of a dual reflector system

Figure 3 shows the path of a ray from the source O of radiation. It is reflected at the
points R, S on the reflectors and passes through the plane aperture of the second
reflector at Q from left to right. We denote the unit vectors in the directions of the ray
at O, R and Q by p, ¢ and q respectively. We write OR=r, RS=s and 0Q=v. We
also choose a rectangular Cartesian coordinate system with origin at O and z axis
perpendicular to the aperture. The complex coordinates of p, ¢, g relative to this
system are noted by 7, £, { respectively. Asin § 3 we express the components of v as
(w, d) so that d is again the perpendicular distance of O from the aperture and w is a
complex coordinate for Q.
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Plane aperture

a7

-d¢0

Figure 3. Ray diagram for dual reflector system.

We suppose that there are no caustic points on the aperture so that a phase
function /() is defined. As in § 3 /(w) determines ¢ as a function of w, the explicit
form being given in equation (10).

Our aim in this section is again to establish a relation between phase and power
density over the aperture. In the dual reflector system this relation will involve the
first reflector. Therefore there is the possibility of designing the first reflector to give
pre-assigned phase and power density distributions over the aperture.

Let us suppose the first reflector to be given by an equation r=r(n). The
Cartesian components of r are

It is convenient to introduce the function 7 =r/(1+|n 1Y so that the above components
can be written as

@nr, v - 1)) (21)

It is also convenient to introduce the function L =In 7. Brickell et al (1977) show that
Snell’s law at the first reflection can be expressed in terms of this function as

L,=1/(§—m). 22)
The relation
s—sq=v—-r—(l—r)q
is easily established. It follows from equation (21) that
v—r=(w=-2nr,d-1(nl*-1))
and consequently, from formula (7) of lemma 1,

_I+d =270~ (@ -2n7)

= amrr@rrd—Dl

We substitute this expression for £ into equation (22) and obtain

I = &—277+QRr+d-1){
T I+d-wl-on+(—-d)n’

(23)
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We shall regard equation (23) as establishing a mapping 7 » w between the unit
sphere of centre O and the aperture. Of course this mapping depends on the phase
function and the first reflector. The formula (5) of lemma 1 shows that

r+s=v—(H/2K)q, (24)

where H and K are functions of @ and n which we shall shortly make explicit. Thus
the second reflector is determined in terms of n by the first reflector and the phase
function.

Explicit formulae for H and K are as follows:

H=(-r=lv=rfP=0P-jo)*-2r(l-p.v)
= —lof -d* =211 +|n)+d(1 = |n)~ fiw ~ nd). (25)
K=(1I-r)—q-(v-r)
=[1A+[LP)+d(1 - ¢ = fw — o + 27 (L + 0 = InP=1¢DN/A +1¢P).
(26)

Let I(n) denote the source power density and G(w) the power density flow normal
to the aperture. Then, by the same argument as that leading to equation (16),

I(n) _(1+[nl

G(w) 4
Once we have calculated the partial derivatives w,, w; from equation (23) then
equation (27) provides the desired relation between the functions /, G and L.

To do this calculation it is convenient to think of the right-hand side of equation
(23) as a function F(w, n) of the variables w, n. This is achieved by regarding [, ¢ as
functions of w, and 7 as a function of n. We find the partial derivatives of F to be

F,=(-H[,~K{")/R?, Fy=(-H{;+K)/R’ (28)
F,=L., F; =-2rK (1+|¢[")/IRV? (29)

llwal* —lwall. @7

where _
R=l+d-wl-on+I~d)n.

In the last pair of these formulae equation (23) has been used. This equation is
also used to give the formula

(I+d-27lnP)1+)¢PK ~ ¢ PH
l1+qL,[°

We differentiate the equation
L") =F(w’ T')

IR? = . (30)

and obtain

Lpn = Fwn + Fabq +L3v

Lnﬁ = F,,,w,-, +F,;.c6.,—, + b,
where b = F;;. We note, from equation (29), that b is real. These equations and their
complex conjugates can be combined in the simple matrix equation

[L,,,, -L% L.a—b ]=[Fw F,,;][w,, wﬁ]
Lnﬁ-b L,-,,-,—L%-, Fw F,;, (5-,, a'),-, )
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Taking the determinants of both sides we obtain
Lo =LA = (La =Y = (Ful* = FsYon|* ~ |ws ).

This is essentially the relationship we require. However we can make it more
explicit by using the formulae (9), (11), (27), (28), (29) and (30). With the notation

B=I1+d-2e"n?, y=1+nL,% §=1-(1-4L,P»"?, h=H/K
we find that
(Log = b)Y —|Lpn = LI = £B{[hluc — 1 = 2|l = |Aluw + 212 H (1)/ G (@) 31)
where
_ —2eLy _ 472
b=G-Thsy ™ BTueE-Tmyarapr

The relation (31) can be regarded in many ways. If the functions /(w), G(w) are
given we can regard it as a partial differential equation for L, provided that we
substitute for w the function of n, L and its first derivatives obtained by solving
equation (23). For example suppose that / is a constant function on the aperture.
Equation (31) becomes

(L =Y =|Lun = L3* = £BI(1)/ G ()
where
b=-2e"y/B,  B=4y’/B*(1+nl).
In this special case ¢ =0 (from equation (10)) and the solution of equation (23) is

_(I+d)Lz+2ne"
1+7L;

(32)

We work out the relationship (32) explicitly for the well known hyperboloid-
paraboloid Cassegrain system (see, for example, Cornbleet 1976, p 85). In this system
the first reflector (the subreflector) is a hyperboloid of revolution and the source is at
one focus. The second reflector (the main reflector) is a paraboloid of revolution with
focus at the second focus of the hyperboloid and axis in the direction ¢{ =0. The
configuration assumed is shown in figure 4 where the hyperboloid axis is tilted relative
to the paraboloid axis. In this system the shadowing by the subreflector of the main
reflector aperture can be minimised.

Axis of parabolod

Paraboloid

b4

Axis of 5
hyperboloid

Figure 4. ‘Open’ Cassegrain system.
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Let the direction of the hyperboloid axis be no. Then the equation of the hyper-
boloid is
a/r=ecosf—1,
where a is the semi-latus rectum and e the eccentricity. Now

2nio+ fino)+ (0l = D(imol* — 1)
(1 +{mo[ Y1 +1nl*

cos 8=

and so if we write

__2m0 _lmof®~1
1+{mol” lnol*+1

a

we obtain

1+[n]? A +|n*)ecos 8—1) edn +easi+|nl*(ek —1)—(1+ek)’

It follows that

€

_ ea+n(ek—1)
ean +eadi +|n|*(ek — 1)~ (1 +ek)’

L,—, =
Thus putting A =/ +d, the relation between n and o turns out to be the bilinear
one

_[2a—A(ek—1)]n — Aea
®= ean —(1+ek)

We use the formula to obtain an explicit expression for G(w)/I(n) from equation
(16). We first invert it to get
(I +ek)w—Aea
N7 eqw +[A(ek —1)-2a]

and then we differentiate, noting that k*+|a|* =1, to obtain

_ A(e*-1)-2a(l+ek)
Mo = ledw +[A(ek — 1)~ 2a]

We substitute from these formulae into equation (16) and find that

G(w) 4[A(e*~1)-2a(ek + 1)]?
I(m) [ledw +A(ek —1)—2al* +|(ek + Dow — Aeal’)"

ns =0.

5. Dual reflector systems with rotational symmetry

The coordinates are assumed to be set up as in § 4 and we suppose also that the source
has a power density I which has rotational symmetry about the z axis. We now
consider the problem of designing a dual reflector system which has the z axis as an
axis of symmetry and which produces a specified phase function / and power density
function G on the aperture, where /, G are also rotationally symmetric about the z
axis.
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We put || =X, |w|= Y. The symmetry assumptions imply that [ is a function of X
and /, G are functions of Y. To calculate a derivative, say Iz, we proceed as follows.
Since Y2 = wa we have 2YY; = w and consequently

la=1(Y)Ys=1'(Y)w/2Y.

A major simplification in the rotationally symmetric case is that equation (27)
produces at once a differential equation for Y as a function of X. To obtain this
equation we note that for rotationally symmetric systems

w=xY,/X (33)
Let Y’ denote the derivative of Y with respect to X. Then it follows from the relation
(33) that
vy ., 1 ( 77)( , Y)
=+—| =+ , s=x—{— -
Wy 2( X Y ) W5 7 Y X

and therefore
|wal* ~lwal* = YY"/ X.

Thus equation (27) leads to one or other of the ordinary differential equations

YY'G(Y)== I(X) (34)

1+x%°
where we note that the choices of sign in equations (33) and (34) are not related.

We can determine the first reflector using equations (10), (23) and (34). It follows
from equation (10) that

{=0l(Y)/YZ

where we have written Z for the expression 1+[1—(/'(Y))*]">. For a rotationally
symmetric reflector the function = will be a function of X only. Consequently,
substituting for ¢ in equation (23) and making use of the relation (33), we obtain

7(X) (Y -2X1)ZF(-d-20)'(Y)
21 (+dFXYV)Z+[x(I-d)X - Y)I'(Y)

The choice of sign in this equation is related to the choice in the relation (33).
Thus, having solved the differential equation (34) to obtain Y as a function of X, we
can substitute this function into equation (35). The result is a choice of two ordinary
differential equations for + which can be solved subject to an initial condition.

The final step is the determination of the second reflector which is easily obtained
using equations (24), (25) and (26).

As an example of the design of rotationally symmetric systems we follow Galindo
(1964) and assume that

/11— 2
Ix)y= G+§2> ’

172

35)

n=0
and suppose that both / and G are constant functions on the plane aperture.
The differential equations (34) become

. AX(A-XP)
YY'G —:!:W
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which integrates to give
n+1

1 [1-Xx°
iGY == ——) +
:GY (n+1)(1+X) G

where C is a constant of integration. We will design the system to include a ray along
the z axis so that Y(0)=0. Consequently C==+1/(n+1). It is convenient to write
G =2M/(n +1) where M is a positive constant. Then we obtain

1—X2 n+l
1+X2>

MY?=1- ( (36)

as only the choice of negative sign is sensible. It follows that

vl () )

The equation (35) becomes, in the present special case

dr 27(xY —-2X7)
dX AFXY

where A is the constant /+d and Y is the function of X obtained in equation (36).
Given an initial value 7(0) (=r(0)) we can solve either of the resulting differential
equations and so obtain a first reflector. Indeed the substitution o = 1/ produces the
linear differential equations

92(21')0 4x

x\azxy/)’ T aA=xy (37)

which can be solved explicitly in terms of integrations. The resulting refiector profiles
are given by transcendental functions of X rather than conic sections as in the
Cassegrain systems.

The case in which n =1 corresponds to the Schwarzchild system which has some
useful properties enabling it to be considered by White and DeSize (1962) as a
prototype for a scanning antenna system. For this case the solution of equation (37)
yields

2’ 2y+FIATF)
0'=—A—+K[A+(A3:F)X] (38)

where F =2M ~"/? and K is a constant determined by o (0).
The second reflector may be obtained by using equation (24) to obtain the
components of r+s as
[igﬂ 1, [oY’+2(A $2XY)]]
X2 2(A-2X7)
where o is given by (38) and Y = FX/(1+ X?).

Appendix

Let w - n(w) be a mapping between the aperture and the unit sphere of centre O
expressed in terms of the complex coordinates n, w. We wish to show that the
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mapping alters areas by the factor

(Tﬁllnwlz*lndzl- (A1)

In spherical polar coordinates (6, ¢) the area element on the unit sphere is
sin 8 d@ d¢. Thus, if the mapping is expressed in terms of (6, ¢) and rectangular
Cartesian coordinates (x, y) on the aperture, the formula for the factor is

0] (A2)

where 3(8, ¢)/3(x, y) is the Jacobian determinant
6. 6,

¢ By

We shall use the coordinates (6, ¢) given in terms of n by the equations (2) and the
coordinates (x, y) given by w = x +1iy.
A well known property of Jacobian determinants enables us to write

36, @) _ 36, ¢) 8(n, M) Hw, &)
ax,y) o(n, 1) (w, @) (x, y)

and we shall deduce the formula (A.1) from (A.2) by evaluating the determinants on
the right-hand side. We obtain from the equations (2) that

(A.3)

2 1
= 1 —_ == — n
cos 6 T+ ¢ % In (n/7%)
and consequently
—27 1
sin 6 8, (1+‘ |22, d>,,—2in.
It follows that
a6, ¢) 2 1
in 8 — = . A4
o, M 1A+ (A4)
Because
a(w,a'))=__2i 3("7, 7-7)=| |2_| _12
ax, y) ’ o, @) “

formula (A.1) is a consequence of (A.2) and the equations (A.3) and (A.4).
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